In this work we investigate the supercurrent in a hybrid topological Josephson junction consisting of two planes of topological insulator (TI) in a specific configuration, which allows both local (LAR) and crossed (CAR) Andreev processes at the interfaces with two conventional s-wave superconductors. We describe the effects of local magnetic and/or Rashba spin-orbit fields applied to the edge states of each TI. In particular, we demonstrate that spin-orbit, as induced by local gating, allows the manipulation of the entangled spin-singlet Cooper pair state associated to the CAR process. We establish a connection between the Josephson current-phase relationship of the system and the action of the two local fields, finding that they selectively modify the LAR or the CAR contributions. Remarkably, we find that the critical current of the junction takes a very simple form which reflects the change in the symmetry occurred to the entangled state and allows to determine the microscopic parameters of the junction. Introduction:-Quantum mechanics may revolutionize the way we encode, transmit and elaborate the information. A crucial element is the capability to generate and manipulate entangled states [1] [2] [3] . First successful steps has been performed on photons [4] [5] [6] [7] . Anyway to deal with quantum technology and the development of a quantum computer one needs to bring those capabilities in the solid state platform to afford the embeddability and scalability issues [8] [9] [10] [11] [12] [13] . In Refs. [14-25] the 2D topological insulators (TIs) has been put forward for the production and detection of spin-entangled singlet Cooper pairs originating in s-wave superconductors. 2D TIs are materials characterized by edge state modes which occur in the absence of a magnetic field, and are helical in nature (spin-momentum locking), i. e. the two spin species of the edge modes propagate in opposite directions [26, 27] . Furthermore, the edge states are topologically protected ensuring robustness against perturbations with very long decoherence length ( 1µm [15, 28, 29] ). These properties make TIs promising platforms for the manipulation of spin-entangled electrons in solid state systems.
In this work we investigate the supercurrent in a hybrid topological Josephson junction consisting of two planes of topological insulator (TI) in a specific configuration, which allows both local (LAR) and crossed (CAR) Andreev processes at the interfaces with two conventional s-wave superconductors. We describe the effects of local magnetic and/or Rashba spin-orbit fields applied to the edge states of each TI. In particular, we demonstrate that spin-orbit, as induced by local gating, allows the manipulation of the entangled spin-singlet Cooper pair state associated to the CAR process. We establish a connection between the Josephson current-phase relationship of the system and the action of the two local fields, finding that they selectively modify the LAR or the CAR contributions. Remarkably, we find that the critical current of the junction takes a very simple form which reflects the change in the symmetry occurred to the entangled state and allows to determine the microscopic parameters of the junction. Introduction:-Quantum mechanics may revolutionize the way we encode, transmit and elaborate the information. A crucial element is the capability to generate and manipulate entangled states [1] [2] [3] . First successful steps has been performed on photons [4] [5] [6] [7] . Anyway to deal with quantum technology and the development of a quantum computer one needs to bring those capabilities in the solid state platform to afford the embeddability and scalability issues [8] [9] [10] [11] [12] [13] . In Refs. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] the 2D topological insulators (TIs) has been put forward for the production and detection of spin-entangled singlet Cooper pairs originating in s-wave superconductors. 2D TIs are materials characterized by edge state modes which occur in the absence of a magnetic field, and are helical in nature (spin-momentum locking), i. e. the two spin species of the edge modes propagate in opposite directions [26, 27] . Furthermore, the edge states are topologically protected ensuring robustness against perturbations with very long decoherence length ( 1µm [15, 28, 29] ). These properties make TIs promising platforms for the manipulation of spin-entangled electrons in solid state systems.
In this paper we demonstrate that combining s-wave superconductivity with the helical properties of 2D TIs, the non-local manipulation of spin-entangled states by means of local gating can be easily done. The proposed setup [see Fig. 1(b) ] is composed of two parallel 2D TIs properly connected to two superconducting electrodes, and comprises electrical gates for the manipulation. We calculate analytically the current-phase relationship (CPR) of the Josephson current making use of the scattering matrix approach and we identify the various local and non-local scattering mechanisms. We show that the Josephson critical current, remarkably, allows a direct quantification of the entanglement manipulation.
The Setup:-In a Josephson system with ideal interfaces and rigid boundary conditions with order parame-
, where θ(x) the Heaviside function, the phase difference φ = φ R − φ L induces a stationary Josephson current. Microscopically it originates from Andreev reflection processes that describe the transfer of Cooper pairs (CPs) at the interfaces between the superconductors and the weak link. In a single 2D TI sandwiched between two conventional s-wave superconductors [namely, the S-TI-S junction depicted in Fig. 1(a) ], CPs can only be injected or absorbed locally on a specific edge. Indeed, while the helical nature of the TI edge modes allows for local Andreev reflections (LARs) at the boundaries with the superconductors [18] , i. e. an electron (hole) propagating through a helical mode and impinging onto a superconductor is reflected as a hole (electron) with opposite spin in the other helical mode on the same edge [see right side of Fig. 1(a) ], it prohibits crossed Andreev reflections (CARs), i. e. an electron (hole) propagating through a helical mode impinging onto a superconductor cannot be reflected as a hole (electron) with opposite spin in the other helical mode on the other edge [see left side of Fig. 1(a) ]. In order to overcome this limitation one needs to consider a double TI junction [14] . Specifically we focus on the architecture depicted in Fig. 1(b) where a Josephson junction is obtained by sandwiching two planes of 2D TIs in between two s-wave superconductors. This system allows for CAR processes if the distance W between the two TI-planes is comparable with the S coherence length ξ, e. g. choosing Al as a superconducting material ξ ≈ 100 nm. Moreover, the properties of the edge modes can be tuned through the application of "local fields" [in Fig. 1(b) represented by wiggly lines]. On the lower TI, a local field can be realized by placing a gate electrode in the transversal y-direction, thus inducing changes in the Rashba spin-orbit (SO) coupling strength due to the variation of the electrostatic field symmetry [30, 31] rected along the z-axis in order to affect the electrons propagating through the edge modes [note that the Bfield breaks TRS]. Other configurations of local fields, though, are fully equivalent -see [33] . Model:-Following the scattering approach [34] [35] [36] [37] , we describe the setup of Fig. 1(b) by means of its scattering matrix, which relates the incoming electron or hole amplitudes impinging onto the interfaces with the superconductors with the outgoing electron or hole amplitudes [38, 39] . The scattering matrix of the Andreev processes occurring on the left L (right R) TI-S interface, in the u-l space, instead can be written as
with Λ L(R) and X L(R) representing respectively the amplitude for the LAR and CAR events (these terms being related by the unitarity conditions
. In writing the above expression we neglected the presence of the edge modes running in the backside part of the device of Fig. 1 . This is justified by assuming that the size of the TI in the y-direction is much larger than the coherence length φ or having intentionally broken superconducting coherence introducing a dephasing source along those edges [40] . So backside modes decrease the supercurrent introducing an effective loss parameter η ∈ [0, 1] where η = 0 represents lossless regime -see [33] .
The action of the two local fields along the edge length L is described, in the spin space, by the following unitary operators:
and
where σ is the Pauli matrix vector, v F is the Fermi velocity and p = p xx is the momentum in the x-direction. In Eq. (2), γ is the standard gyromagnetic ratio, while in Eq. (3) λ is the Rashba SO coupling strength [9] . Local fields selective action:-The local fields actions (2) and (3), associated respectively to the angles θ B and θ SO , operate independently and selectively on the local and non-local components of the Josephson current [41] . Before solving explicitly the transport equations of the model, a preliminary evidence of this fact is obtained via an heuristic argument applied to the simplified scenario where LARs are absent (i. e. Λ L(R) = 0). Under this circumstance the non-local emission of a CP from a superconducting electrode, say S L , results in the formation of a spin-entangled CP state, which arises from two superimposed CAR processes. In the first one, a spin-↓ hole propagating in the lower edge gets reflected into an spin-↑ electron in the upper edge, while in the second one, a spin-↓ hole propagating in the upper edge gets reflected into an spin-↑ electron in the lower edge [see Fig. 1(b) ]. Such spin-entangled state could be represented as |C =
2, where the minus sign recall the fact that the CP is in a spin-singlet state of s-wave Ss. The action of the local fields (2) and (3) on |C results in the state:
This expression shows that while the B-field introduces only a global phase, that can be reabsorbed with a gauge transformation, the SO-field modifies the entanglement symmetry of the non-local CP state |C by introducing a relative phase factor exp(iθ SO ), without altering its entanglement content. In particular, if θ SO = π the non-local spin-singlet CP changes into a spin-triplet one, thus giving rise to a mismatch with respect to the intrinsic CPs singlet symmetry of the electrodes, thus hindering the Josephson coupling. In view of this fact, in the absence of LAR processes, one hence expects the Josephson current to be proportional to the quantity C = | C| U SO (θ SO ) |C | = | cos(θ SO /2)|, which measures the degree of change of the symmetry of the entangled CP.
Results:-To set the above observations on firm ground in the remaining of the paper we calculate the Josephson current flowing through the system using the scattering formalism [38, 39, 42] in the short junction limit, i. e. when L ξ. The current can be calculated as
, where p are Andreev bound state energies obtained solving the self-consistent secular problem [33, 42] . In case of no losses, (η = 0), lengthly but standard computations return the analytical form of the CPR at finite temperature T
Firstly we note that θ B /4 acts as a global phase which shifts the CPR, and manifests itself as an anomalous current at φ = 0 when TRS is broken (i. e. B = 0). For simplicity, in what follows we will limit ourselves to con-sider the fully symmetric case |X L | = |X R | = |X| and
Josephson Current:-In Fig. 2(a) and (b) we plot separately the contributions to the CPR arising from CAR (|X| 2 = 1 for top panels) and LAR processes (|X| 2 = 0 for bottom panels), for various choices of parameters. Solid curves refer to the CPR of Eq. (4), while dashed curves are numerical results obtained in the presence of backside edges losses (η = 0) [43] . Firstly we note that the curves resembles the CPR of a weak-link in the presence of spin-orbit and magnetic fields, as we may indeed naively expect [44] [45] [46] [47] [48] [49] [50] . In Fig. 2(a) we fix θ B = 0 and consider two values of SO field, namely θ SO = 0 (black curves) and θ SO = π (red curves), while in Fig. 2(b) we fix θ SO = 0 and consider two values of B field, namely θ B = 0 (black curves) and θ B = π (red curves).
Figs. 2(a) and (b) allows us to appreciate the selective action of the B-and SO-fields on the CAR and LAR contributions to the supercurrent by their effect on the shape of the CPR. In particular, in the case of CAR processes, the shape of the CPR depends on the value of θ SO [ Fig. 2(a), top panel] , independently of the value of θ B , which only induces a global phase-shift [ Fig. 2(b) , top panel]. Indeed in Fig. 2(a) , where we fix for simplicity θ B = 0, black (θ SO = 0) and red (θ SO = π) curves have different shapes in the top panel (|X| 2 = 1 only CAR) differently to the bottom panel (|X| 2 = 0 only LAR) where the black and red curves are superposed having exactly the same shape. Conversely, as shown in Fig. 2(b) , the CPR shape is affected by the value of θ B (black lines θ B = 0 and red ones θ B = π) when LAR processes are present (bottom panel) but not affected, forgetting an unessential global phase shifting, when only CAR are present. For other values of θ SO the CPR shape is changed, in comparison to the figure θ SO = 0, but the shape changes with θ B only when LAR contribution are indeed present.
We can conclude that, although in general the Josephson current contains both CAR and LAR contributions, any variation of the shape of the CPR due to the action of the SO-field is a direct indication of the presence of CAR processes, (i. e. of non-local injection of spinsinglet CPs). The presence of losses (η = 0) simply leads the a smoothing of the CPR shape, similarly to the effect of a finite temperature [33] , but not affect the previous discussion.
Critical current:-Let us now consider the behavior of the critical current, defined as J c = max φ {|J(φ)|}, which is plotted in the main panel of Fig. 3 as a function of θ SO for different sets of parameters. Remarkably, we find that the critical current can be written in the following compact form
where Γ, previously defined, depends only on the Andreev reflection amplitudes X L and X R , and on the local fields strengths θ B and θ SO , while the prefactor α and the off-set β depend only on the temperature T and on the losses η [33] . In the main panel of Fig. 3 , is depicted how the formula of Eq. (5) (white dotted lines) exactly fits the numerical results of the critical current (black and red lines) for an arbitrary choice of the CAR/LAR amplitudes and the manipulation parameters. We consider the ideal case of no losses η = 0 and T = 0 for which α = β = 1 [33] . The different lines corresponds to different cases: only CAR |X| 2 = 1 (black lines) and the intermediate case with CARs and LARs both present |X| 2 = 0.6 (red lines). We also show with solid lines the cases θ B = 0 and with dashed lines θ B = π/4. We see, for only CAR, that the minimum of J c is at θ SO = π and θ B would not affect J c (solid and dashed curves coincides), in full agreement with the CPR discussion done before. Red lines shows that for the case where CAR and LAR contributions are mixed the J c is still described by the general formula for any value of θ B .
Furthermore we can show the general validity of this formula for finite values of η and T . In the inset we plot the quantity (J C − β)/α for different values of the temperatures and losses (see label), all the points, perfectly rely on the appropriate |Γ| curve (thin dashed lines) as predicted by Eq. (5).
Hereafter we claim that the dependence on θ SO of J c such as determined in Eq. (5) indicates that the critical current reflects the entanglement symmetry manipulation due to the action of the SO term. In the CAR-only ideal case (|X| 2 = 1), according to Eq. (5), one finds that the difference (J c −β), as a function of θ SO , behaves like C which quantifies the degree of symmetry change in the entangled CP state, i. e. (J c −β) ∝ | cos(θ SO /2)|. The correlation between the behavior of J c and C can be strengthen by considering the limiting case of an extremely small Andreev reflection probability. This can be done taking the high-losses limit setting η ≈ 1 and expanding in the quantity (1 − η) [33] . In the zero-temperature, the critical current in the leading term of (1 − η), takes the form J c = e∆0 |cos (θ SO /2)|(1 − η) 4 + O((1 − η) 6 ); obtained as a limit of the general CPR formula in [33] . The lowest order (1 − η) 4 accounts for the single shot CP process, where the CP is splitted at one barrier, taking an (1 − η) 2 factor, and another factor when it recombines on the other barrier [51] . Previous results show that in the limit of rarefied emission of CPs the action of the local SO field on the single CP returns exactly the expected entanglement manipulation signature C.
Eq. (5) clarifies that standard critical currents allows one to access experimentally the product |X R ||X L | which determines the relative weight between the LAR and CAR processes. Ultimately this can be seen as a consequence of the selective action of the fields on the local and non-local components of the current (second and first term in Γ).
Conclusions:-In this paper we have proposed a system which makes use of helical edge states of a TI to spatially separate the two electrons composing a CP of a superconductor, thus enabling to manipulate the symmetry of a maximally entangled state. In particular we have shown that a measurable signature of this effect is provided by the critical current of the model.
